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1 Categories

Definition 1.1. A category C consists of:

1. A ” collection” of objects: obpCq;
2. @X,Y P ObpCq a ”collection” of morphisms : MorpX,Yq (morphism from X to Y),

such that @X,Y,Z P obpCq

MorpX,Yq ˆMorpY,Zq Ñ MorpX,Zq
p f , gq ÞÑ g ˝ f

3. associativity.

4. @x P obpφq, DIdX P MorpX,Xq such that @ f : X Ñ Y, f ˝ IdX “ f , IdY ˝ f “ f .

Example 1.2. 1. Sets
— objects: sets
— MorpX,Yq: maps from X to Y.

2. Groups
— objects: groups;
— MorpX,Yq “ t group homomorphism from X to Yu

3. A ring, A-Mod

Definition 1.3. 1. A category C with obpφq “ one element is called a monoid.

2. A category is locally small if @X,Y P obpCq, MorpY,Xq is a set. A category is
small, if obpCq, MorpX,Yq are sets.

3. obpCq “ tXu, MorpX,Xq “ IdX trivial monoid

4. Opposite category= Cop of a given category obpCopq “ obpCq and MorCoppX,Yq “
MorCpY,Xq.

Definition 1.4. 1. f : X Ñ Y is an isomorphism if Dg : Y Ñ X such that f ˝g “ IdY
and g ˝ f “ IdX.

Exercise 1.5. Prove that such g is unique and that composition of isomorphisms
is again an isomorphism.

2. f : X Ñ Y is a monomorphism if @Z, @ Z
g //

h
// x such that f ˝ g “ f ˝h ñ g “ h.
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Exercise 1.6. In sets, f is a monomorphism if and only if it is an injection.

3. f : X Ñ Y is an epimorphism if @Z P obpCq, @ X
f // Y

g //

h
// Z such that g˝ f “

h ˝ f ñ g “ h.

Exercise 1.7. 1. In sets: f is an isomorphism if and only if it is a bijection, f is a
monomorphism if and only if it is an injection, and f is an epimorphism if and
only if it is a surjection.

2. In any category, every isomorphism is both a monomorphism and an epimor-
phism. Is the converse true?

3. In groups and A-modules, prove that monomorphisms are precisely the injec-
tive homomorphisms and that isomorphisms are precisely the bijective homomor-
phisms.

4. Find an example of an epimorphism in rings that is not surjective.

5. Find an example of a morphism in topological spaces that is both a monomorphism
and an epimorphism but not an isomorphism.

1.1 Functors

Definition 1.8. A functor F : CÑ D consists of

1. F : obpCq Ñ obpDq,
2. X,Y P ObpCq, F : MorpX,Yq Ñ MorpFpXq,FpYqq such that FpIdXq “ IdFpXq

3. X
f // Y

g // Z , FpXq
Fp f q // FpYq

Fpgq // FpZq then Fpg ˝ f q “ Fpgq ˝ Fp f q

Example 1.9. 1. Identity functor Id : CÑ C and constant functors.

2. Forgetful functor
Groups Ñ Sets
X ÞÑ X
MorpX,Yq ÞÑ MorpX,Yq

3. A Ñ B ring homomorphism

A´Mod Ñ B´Mod
M ÞÑ MbA B

MorpM,Nq ÞÑ MorpMbA B,Y bA Bq
u ÞÑ ub IdB

Definition 1.10. A contravariant functor F : CÑ D is a covariant functor CÑ Dop.

Example 1.11. C small category, X P obpCq,

hX : C Ñ Sets
Y ÞÑ MorpY,Xq
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—
MorpY,Zq Ñ MorpMorpZ,Xq,MorpY,Xqq
f : Y Ñ Z ÞÑ g ÞÑ g ˝ f

— C
F //D

G // G , G ˝ F composite associative
— Category of Categories: Cat object= categories and morphism= functor

Exercise 1.12. 1. Define a covariant functor in sets that takes each set to its power
set.

2. Define a contravariant functor in sets that takes each set to its power set.

3. Prove that in the category of k-vector spaces, assigning dual spaces and transpose
linear transformations is a contravariant functor.

Definition 1.13. F : CÑ D functor

1. F is full if @X,Y P obpCq, MorpX,Yq�MorpFpXq,FpYqq;
2. F is faithful if MorpX,Yq ãÑ MorpFpXq,FpYqq;
3. F is fully faithful if it is full and faithful.

4. A subcategory C of D, obpCq Ă obpDq,

X,Y P ObpCq,MorCpX,Yq Ă MorDpX,Yq,MorCpX,Yq ˆMorCpY,Zq Ñ MorCpX,Zq

5. full subcategory C of D, MorCpX,Yq “ MorCpX,Yq.

Example 1.14. — group subcategory of Sets;
— ModA subcategory of Groups;
— ModQ full subcategory of Groups: E,FQ-vector space, f : E Ñ F homomorphism

of groups
Z-linear ñ f pxq “ f pn{nxq “ n f p1{nxq, so that 1{n f pxq “ f p1{nxq.

1.2 Morphisms of functors

Definition 1.15. 1.

C
F //

G
//D

functors, a morphism from F to G ( a natural transformation given by @X,Y P

ObpCq, αX : FpXq Ñ GpXq, αX P MorpFpXq,GpXqq such that @ f : X Ñ Y,

FpXq

Fp f q
��

αX // GpXq

Gp f q
��

FpYq αY
// GpYq

2. α is an isomorphism if αX is an isomorphism @X.
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3. F : CÑ D is an equivalence of categories if DG : DÑ C such that G ˝ F : CÑ C
is ”naturally isomorphic” to Idφ.

Example 1.16. 1. VK category of vector spaces over K, finite dimensional.

VK Ñ VK

obpVKq “ tpE, f q|E finite dimensional vector space over K, AutKpEqu
pE, f q Ñ pF, gq

E
f
��

h // F
g
��

E h // F

F : VK Ñ VK
pE, f q ÞÑ pE˚, p f ˚q´1q

F is not isomorphic to IdVK (among not isomorphic to this)

2.
G : VK Ñ VK

pE, f q ÞÑ pE˚˚, p f ˚q˚q

G isomorphic to IdVK .

Definition 1.17. CÕF
G D G is adjoint to F if @X P ObpCq, @Y P ObpDq,

αX,Y : MorDpFpXq,Yq » MorDpX,GpYqq

natural bijection.

Example 1.18. A Ñ B ring hom,

ModA
F //ModB

G //ModA

M //MbA B

N // N

HomBpMbA B,Nq » HomApM,Nq

F is adjoint to G.

Exercise 1.19. 1. Prove the above adjoint situation with Hom and Id
2. Prove that the the free functor F that takes a set to the free group generated by its

elements is adjoint to the forgetful functor G from groups to sets.

3. Let M be an A-module. Consider the functor F that tensors each A-module with
M. Prove that this is an adjoint to the functor Hom that takes each A-module N
to HompM,Nq
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2 Presheaf

Definition 2.1. X topological space. A pre sheaf F on X of groups is functor (con-
travariant) from X to Groups, where X, obpXq “ open subset of X.
U,V open subsets of X

MorpU,Vq “
"

canonical inclusion of U in V if U Ă V
H otherwise

@U Ď X open subset

1. U ÞÑ F pUq group

2. if U Ď V ñ DρVU : F pVq Ñ F pUq homomorphism of groups such that:

(a) fUU “ IdF pUq, @U;

(b) U Ď V Ď W open subset

F pWq
ρWV

��

ρWV // F pUq

F pVq
ρVU

::uuuuuuuuu

(c) F pHq “ t0u.
Elements of F pVq are called a solution of F on V;
If U Ď V, s P F pVq, s|U :“ ρVUpsq is called the restriction of s to U.

Example 2.2. X topological space @U Ď X, F pUq “ CpU,Rq. If U Ď V, ρVU :
F pUq Ñ F pVq restriction maps;

Constant pre sheaf: we fixe a group G; F : U Ñ G, H ÞÑ t0u (if U ‰ H), ρUV “ IdG
if V ‰ H and ρUH “ 0 maps is a presheaf.

2.1 Sheaves

Definition 2.3. A sheaf on X is a pre sheaf F on X such that:

1. (Uniqueness condition) @U Ď X, @tUiui open covering of U,
F Ñ

š

iF pUiq

s ÞÑ ps|Uiqi
is injective.

2. (glueing condition): U, tUiui then @psiqi, si P F pUiq such that si|UiXU j “ s j|UiXU j.
There exists (unique) in F pUq such that s|Ui “ si, @i.

Remarque 2.4. 1. Condition1. and 2. ô 0 // F pUq r //
š

iF pUiq
p //q //

š

i, jF pUi XU jq

s // ps|Uiqi

"

pppsiqiq “ psipUiXU jqqpi, jq

qppsiqiq “ ps jqUiXU j
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2. exact ô

"

r injective
ppαq “ qpαq ñ α P Imprq, α P

š

iF pUiq
.

F presheaf of group, therefore one can replace pp, qq by psiqi ÞÑ psiq|UiXU j ¨ps jqpUiXU jq´1
pi, jq

.

Example 2.5. 1. U ÞÑ CpU,Rq is a sheaf;

2. constant pre sheaf is not a sheaf because if U Ď X not connected U “ U1
š

U2,
G “ GpU1

š

U2q so that G “ GpU1q and G “ GpU2q. @s P GpU1q, t P GpU2q,
s ‰ t ñ s|U1XU2 “ t|U1XU2 because U1 XU2 “ H. But there is a section h P GpUq
such that h|U1 “ s and h|U2 “ t.
X “ C, U Ñ t f P C0pU,Cq| f pzq “

ř

ně0 anzn absolutely convergent serieu presheaf
not a sheaf.

2.2 Morphisms of pre sheaves

F , G presheaves in X a morphism φ : F Ñ G is given by: @UsetX, φpUq : F pUq Ñ
GpUq homomorphism of groups such that @V Ď U

F pUq
ρUV

��

φpUq // GpUq
ρUV

��
F pVq

φpVq
// GpVq

φ is natural transformation of functors. A morphism of sheaves is a morphisms of pre
sheaves between sheaves.
We denote by PshX the category of pre sheaves on X and ShX the category of sheaves
on X, it is a full subcategory PshX.
C
8pRq sheaf of C8 functions on X.

C
8
X pRq Ñ C

8
X pRq

f ÞÑ f 1

derivation, this is an homomorphism.

2.3 Subsection of a sheaf F

A sub sheaf is a sheaf G such that GpUq Ď F pUq subgroup @φ.

GpUq Ă F pUq
ρUV

��
ρUV

��
GpVq Ă F pVq

2.4 Sheaf of ideals

— θ a sheaf of commutative unitary ring, sheaf of θ-modules
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— @U
— F pUq is a θpUq-module
— V Ď U, a P θpVq, s P F pUq ñ pasq|V “ a|Vs|V
— F is a sheaf.

— sheaf of ideals ρ of θ is sub sheaf of θ as sheaf of θ modules (i.e. ρpUq ideal of
θpUq, @U).

Example 2.6. 1. If φ : F Ñ G is a morphism of sheaves of groups then

kerpφq : U Ñ kerpφpUqq
F pUq ÞÑ GpVq ñ kerpφq is a shea f

What would be Impφq, φ : F Ñ G?
Natural way :

U Ñ ImpφpUqq : F pUq Ñ GpUq

This defines a sub pre sheaf. But in general it is not a sheaf. When F and G are
sheaves.

2. H “ holomorphic function on C. U Ď C, HpUq “ tholomorphism f unctions U Ñ

Cu, GpUq “ tholomorphic f unction : U Ñ C˚u, exp : HpUq Ñ GpUq, exp : H Ñ

G.
Impexpq is not a sheaf, gi P HpUiq, fi “ exppgiq, U “ YiUi, fi P GpUiq, fiUiXU j

“

f j|UiXU j does not implies Dg P HpUq such that exppgq|Ui “ fi.

2.5 Inductive limit

Definition 2.7. We are given a set I of indexes. @i P I, a group Ei such that
— I is partially ordered and @i, j P I, Dk P I, i ď k, j ď k;
— @i, j P I, i ě j, φi, j : Ei Ñ E j group homomorphism. If i ď j ď k;

Ei

φik

��

φi j // φ jkE j

}}zz
zz
zz
zz

Ek

— φii “ Idii.
lim
ÝÑ

Ei inductive limit is a group. The homomorphism Ek Ñ lim
ÝÑi

Ei @k such that if k ď j,

Ek

��

φ // E j

φ j||zz
zz
zz
zz
z

lim
ÝÑi

Ei
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(Universal property)
If G is a group and @i, ψi : Ei Ñ G group homomorphism such that @i ď j,

Ei

φi
��

φi j // E j

ψ j����
��
��
�

G

then there exists a unique factorization ψ : lim
ÝÑi

Ei Ñ G, @i,

Ei

φi

��

ψi // G

ψ||zz
zz
zz
zz
z

lim
ÝÑi

Ei

Proposition 2.8. lim
ÝÑi

Ei exists and is unique up to unique isomorphism.

Proof. — Uniqueness: standard argument (up)
existence: Set

š

iPI Ei, „ x, y P
š

i Ei ñ x P Ei0 and u P E j0 .
x „ y if Dk0 ě i0 and j0 such that φi0k0pxq “ φ j0k0pgq. Take k2 ě k0, k1,

Ei0

  A
AA

AA
AA

A
E j0

~~}}
}}
}}
}}

  A
AA

AA
AA

A
Ek0

~~}}
}}
}}
}}

Ek0

  A
AA

AA
AA

A
Ek1

~~}}
}}
}}
}}

Ek2

š

i Ei{ „, one can check φk : Ek Ñ
š

i Ei Ñ
š

Ei{ „, tφk : Ek Ñ
š

i Ei{ „uk is an
inductive limit. �

Example 2.9. X topological space, F pre sheaf on X, x0 P X, I “ topen subsets o f X containing x0u,
U,V P I, U ď V if V Ď U, EU “ F pUq, U ď V ñ V Ď U,

φU|V : EU
// EV

F pUq
ρUV // F pVq

U,V P I ñ U ď U XU and V ď U X V.

Definition 2.10. Fx0 :“ lim
ÝÑ

x0 P UF pUq: the stalk of F at x0.

Example 2.11. F “ C0
XpRq, x0 P X, Fx0 “ tr f s| f P C0pU,Rq, x0 P Uu

— r f s “ rgs if g “ f on some open neighborhood of x0;
— s P F pUq, x0 P U, denote by sx0 the image of s in Fx0.
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Lemma 2.12. Let F be a sheaf on X then @U Ď X, the map

F pUq Ñ
š

xPU Fx
s ÞÑ psxqxPU

is injective

Proof. Let s, t P F pUq such that sx “ tx, @x P U. For any x P U, sx “ tx mean, Dx P Vx
such that s|Vx “ t|Vx . V “ YxPUVx ñ s “ t. �

Proposition 2.13. Let G : F Ñ G morphism of sheaves. For any x P X, suppose that
φx : Fx Ñ Gx is an isomorphism then φ is an isomorphism.

Proof. Definition of φx
φ : F Ñ G morphism of presheaves, x0 P X, φx0 : Fx0 Ñ Gx0 , @x0 P U, x0 P V Ď U

F pUq
ρUV

$$H
HH

HH
HH

HH

can
��

GpUq
φpUqoo

can

##H
HH

HH
HH

HH
can // Gx0

Fx0 F pVq // GpVq

OO

s P Fx0 Ñ Gx0 ñ Dx0 P U, t P F pUq, such that s “ tx0 .

lim
ÝÑ

limEi “
ž

Ei{sim

t P F pUq, φpUq : F pUq Ñ GpUq (φpUqptqqx0 such that s “ tx0 .
U Ď X, φpUq : F pUq » GpUq

1. φpUq injective

F pUq

��

φpUq // GpUq

��
ś

xPCFx
//
ś

xPCGx

t P GpUq, @x P U, tx “ φxpspxqq, spxq P Fx, Dsx P F pUxq depending on x such that
sx “ spxq.
tx “ φxpsq, tx “ φpVxqpsqx “ φxpsxq in GpVxq. t and φpVxqpsq some stalk at x then
Dx P Wx Ď Vx on which t|Wx “ s|Wx . U “ YxPUWx Be careful s “ sx depend on x,
psx|Wxqx, sx|WxXWysx|WxXWy glueing condition ñ Ds P F pUq, s|Wx “ sx, @x,
φpUqpsqx “ tx, @x P Cñ φpUqpsq “ t ñ φpUq surjective.

�

2.6 Sheaf associated to a presheaf

Let F be a presheaf on X of opposite sets.
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Proposition 2.14. There is a unique pair F ` sheaf on X and θ : F Ñ F ` a morphism
of presheave such that @F Ñ G from F to a sheaf G has an unique factorization

F

θ
��

ψ // G

F
`

ψ`

>>}}}}}}}}

@x P X, Fx » F
`

x

Definition 2.15. 1. If f : F Ñ G a morphism of sheaves then Impφq is the sheaf
associated to the pre sheaf U ÞÑ ImpφpUqq.

2. If F Ă G sub sheaf then G{F “ sheaf associated to the pre sheaf U Ñ GpUq{F pUq;
3. We say that a morphism φ : F Ñ G is surjective if Impφq “ G (ô φx : Fx � Gx
@x P X) in shX, φ is surjective if and only if φ is an epimorphism.

4. (Exact sequence) F
φ // G

ψ //H mean kerpψq “ Impφq

ô @x P X, Fx
φx // Gx

ψx //Hx exact;

5. f : X Ñ Y continuou, F sheaf on X, G sheaf on Y ñ f˚F direct image of F by
f .

6. f˚F : U Ď Y Ñ F pφ´1pVqq, U Ď X sheaf associated U Ñ lim
ÝÑ f pUqĂW,W open in Y

GpWq.
Presheaf but in general not a sheave

@x P X, p f´1
Gqx » G f pxq
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